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We consider periodic domain structures which appear due to the magnetoelastic interaction if the
antiferromagnetic crystal is attached to an elastic substrate. The peculiar behavior of such structures
in an external magnetic field is discussed. In particular, we find the magnetic field dependence of
the equilibrium period and the concentrations of different domains.
Spontaneous breaking of any discrete rotational sym-
metry in monocrystals leads to the appearance of degen-
erate phases characterized by different orientations of the
order parameter. The phase boundaries have a positive
(free) energy, otherwise the system would be thermody-
namically unstable. Thus, in equilibrium one should ob-
serve a single phase. This is, however, not the case for
the phases with spontaneous magnetization (or electrical
polarization). Periodic domain structures are formed in
such materials in order to reduce the large, proportional
to the volume, energy of the magnetic (or electric) field.
Using the electron spin resonance technique, Janossy
et al. [1, 2] demonstrated the existence of the equilibrium
domain structure in antiferromagnetic Y Ba2Cu3O6+x
and in Y1−xCaxBa2Cu3O6. The domain structure was
easily modified by the external magnetic field, and re-
stored after switching the field off. The resonance method
does not provide information about characteristic sizes
and the arrangement of the domains. Recently Vinnikov,
et al. [3] directly observed periodic domain structures
in antiferromagnetic TbNi2B2C by the “finest magnetic-
particle decoration technique” [4]. Neither spontaneous
magnetization, nor electrical polarization is seen in this
material. Nevertheless, regular and reversible (by the
change of the temperature and magnetic field) domain
structures are realized with a periodicity of the order of
a few microns in the samples of plate shape with a thick-
ness 0.5 mm.
In this Letter we discuss a possible scenario for the
appearance of such periodic domain structures and the
behavior of the structures in an external magnetic field.
If a monocrystal is attached to some elastic substrate, the
domain structure should inevitably arise in any orienta-
tional phase transition in order to minimize the strain
energy. Indeed, the stress free (but not strain free) mon-
odomain state is realized if we discuss free surface bound-
ary conditions. If the monodomain crystal is attached
to some elastic substrate, stresses arise, and we loose a
large, proportional to the crystal volume, energy. In this
case, the appearance of the domain structure, with a pe-
riod much smaller than the crystal size, will drastically
diminish the energy of elastic deformations.
All materials studied in the experiments of Ref. [1, 2, 3]
are collinear easy plane antiferromagnets with tetragonal
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FIG. 1: Schematic presentation of the domain structure in the
antiferromagnetic crystal attached to an elastic substrate.
crystal symmetry. For definiteness’ sake we discuss this
case. For the description of the antiferromagnetic states
we use the exchange approximation [5], treating the ef-
fects of the magnetic anisotropy, magnetoelastic effects
and the external magnetic field as perturbations. By a
proper choice of the orientation of the coordinate system
(say, the x axis can be oriented along the [110] or [100]
direction) we can write the anisotropy energy in the easy
xy-plane as
Fan = −βl2xl2y, (1)
with a positive constant β; here lx, and ly are the com-
ponents of the antiferromagnetic unit vector l. The
four states l2x = l
2
y = 1/2, differ by the signs of the x, y-
components (ր, ց, ւ, տ), and correspond to the min-
imum of the energy, Eq. (1).
The elastic strain arises in the crystal due to the mag-
netoelastic interaction
Fme = γ1lxlyuxy + γ2(l
2
x − l2y)(uxx − uyy), (2)
where uik are the components of the strain tensor. For
simplicity, we consider the magnetoelastic effects to be
small compared to the anisotropy, Eq. (1). The second
term in Eq. (2) is zero for the discussed states with
l2x = l
2
y. The elastic energy of tetragonal crystals can be
written as a sum of 6 invariants:
Fel = µ1u
2
xy + µ2(u
2
xz + u
2
yz) + µ3(uxx − uyy)2+
µ4u
2
zz + µ5uzz(uxx + uyy) + µ6(uxx + uyy)
2. (3)
Minimizing the sum of the energies, Eq. (2) and Eq. (3),
we find that, in the monodomain state of the unstressed
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FIG. 2: The displacement field inside the crystal far from the
crystal-substrate boundary.
crystal, the only nonzero component of the strain tensor
is
u0xy =
γ1
2µ1
lxly = ± γ1
4µ1
. (4)
Consider the antiferromagnetic crystal, of plate shape,
attached to a flat elastic substrate. Let the main axis
of the crystal be normal to the plate. The domain
structure that appears in this case is schematically pre-
sented in Fig. 1. The state of each domain far from
the crystal-substrate boundary is one of the unstressed
ground states. Additional energetic contributions arise
from i) the energy of the domain walls, and ii) the elastic
energy localized near the crystal-substrate boundary in
a layer of thickness of the order of the domain structure
periodicity d [6]. Minimization of these two contributions
with respect to d leads to the equilibrium period of the
domain structure. This argumentation is close in spirit
to arguments of Ref. [7] (see also [8, 9, 10]).
In accordance with the symmetry of the domain struc-
ture, Fig. 1, the displacement vector u has only one com-
ponent, uy, inside the crystal, as well as in the substrate.
Therefore, elasticity equation in the crystal reduces to
µ1∂
2
xuy + µ2∂
2
zuy = 0. (5)
We assume that the substrate is elastically isotropic:
µ1 = µ2 = 2µ, where µ is the shear modulus of the sub-
strate. The boundary conditions at the sample-substrate
contact surface are
uy|z=+0 = uy|z=−0, µ2∂zuy|z=+0 = 2µ∂zuy|z=−0. (6)
The displacement field inside the crystal, far from the
crystal-substrate boundary, is a zigzag function u0 as
schematically presented in Fig. 2. It’s expansion in
Fourier series is
u0(x) =
∞∑
n=0
u0n sin
2pi(2n+ 1)x
d
(7)
with coefficients
u0n =
(−1)nγ1a
pi2µ1(2n+ 1)2
.
It is convenient to introduce a new field u+ by the relation
uy = u
0(x) + u+y (x, z) (8)
The Fourier series for u+y in accordance with Eq.(5)
u+y =
∞∑
n=0
u+n sin
2pi(2n+ 1)x
d
exp
{
−2pi(2n+ 1)
√
µ1z√
µ2d
}
.
The Fourier series for uy = u
−
y in the substrate is
u−y =
∞∑
n=0
u−n sin
2pi(2n+ 1)x
d
exp
{
2pi(2n+ 1)z
d
}
.
From the boundary conditions, Eq. (6), we find
u+n = −
2µu0n
2µ+
√
µ1µ2
; u−n =
√
µ1µ2u
0
n
2µ+
√
µ1µ2
. (9)
Now we can determine the total energy of the system
per unit area in the xy-plane
F = −µ1(u0xy)2L+ ν
µ
√
µ1µ2
2µ+
√
µ1µ2
(u0xy)
2d+
σ0L
d
, (10)
where σ0 is the domain wall energy, and
ν =
8
pi3
∞∑
n=0
1
(2n+ 1)3
≈ 0.27.
The first term in Eq. (10) represents the energy gain
due to the arising of the domain structure. In the mon-
odomain state of the sample with the free surface this
is the only term of the magnetoelastic relaxation. The
second term is the elastic energy due to the inhomoge-
neous strain near the crystal-substrate boundary. The
third term accounts for the domain walls energy. Mini-
mization of the energy, Eq. (10), with respect to d gives
the equilibrium period
d = d0 =
(
(2µ+
√
µ1µ2)σ0L
νµ
√
µ1µ2(u0xy)
2
)1/2
. (11)
The classical law d ∝ L1/2, in the limit d≪ L, is the
crucial point for the experimental verification of the do-
main structure theory. In the case of antiferromagnetic
domains there exists an additional valuable experimental
possibility, namely to study the behavior of the structure
in the external magnetic field.
The magnetic field changes the orientation of the an-
tiferromagnetic vector. The corresponding term in the
energy is
FH = −
χ⊥ − χ‖
2
[lH]2, (12)
where χ‖ (χ⊥) is the magnetic susceptibility parallel
(perpendicular) to the vector l. In collinear antiferro-
magnets χ‖ < χ⊥.
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FIG. 3: Two types of ordered domain structures, a) and b)
and a disordered domain structure, c).
If the magnetic field H is oriented along the y-
direction, the minimization of the sum of the energies,
Eq. (1) and Eq. (12), gives l2x − l2y = h2 for H < Hc, and
ly = 0 for H > Hc; here h = H/Hc, H
2
c = 2β/(χ⊥ − χ‖).
Firstly, the magnetic field leads to the appearance of ho-
mogeneous deviatoric stresses σxx = −σyy = γ2(l2x − l2y)
due to the second term of the magnetoelastic energy, Eq.
(2). These stresses are equal in the coexisting domains,
and do not affect the periodicity. The second effect is the
renormalization of the equilibrium strain tensor, Eq. (4),
by the factor (1 − h4)1/2. The third effect is the renor-
malization of the energy of the domain walls.
In order to find the domain wall structure one should
take into account the energy of the spin space inhomoge-
neous rotation
Eex =
g
2
(∂xϕ)
2 (13)
where g is a constant of the exchange interaction and ϕ
is the rotation angle of the unit antiferromagnetic vector
(lx = cosϕ). The variation of the sum of energies, Eqs.
(1,12,13), gives the equilibrium equation
δ2∂2xϕ = (h
2 + sin2 ϕ− cos2 ϕ) sinϕ cosϕ, (14)
where δ = (g/2β)1/2 is the effective thickness of the do-
main wall. The first integral of this equation is
(δ∂xϕ)
2 =
(
1− h2
2
− sin2 ϕ
)2
. (15)
The constant of integration is defined by the condition
far from the domain wall where ∂xϕ = 0.
Finally, we find the domain wall energy
σ±(h) = σ0
(√
1− h4 ± 2h2 arcsin
√
1± h2
2
)
, (16)
where σ0 = βδ is the energy of the domain wall without
magnetic field. The minus sign in Eq. (16) corresponds
0
1
2
1 h
0d
d
FIG. 4: Dependence of the period of the domain structure on
the magnetic field.
to the domain walls presented in Fig. 3a. These walls dis-
appear at the critical field: → | → | → | →⇒→→→→
because the difference between neighboring domains van-
ishes and the rotation in the wall tends to zero. The plus
sign corresponds to the domain walls presented in Fig.
3b. These walls remain at h > 1: → | ← | → | ← . If the
field is oriented along the x direction, the behavior of the
domain walls in Fig. 3a,b will be opposite. The energy
of the walls of type a) will be σ+ and at the critical field
we obtain the following domain structures ↑ | ↓ | ↑ | ↓ .
The walls of type b) will have energy σ−, and vanish at
the critical field ↑ | ↑ | ↑ | ↑⇒↑ ↑ ↑ ↑ .
In the general case one starts from an arbitrary distri-
bution of the types of walls, as it is presented in Fig.3c.
It leads to a complicated and even irreversible behavior
of the periodicity for increasing and decreasing magnetic
fields. Nonetheless, a simple behavior can be achieved if
one starts by applying a field higher than Hc, say in the
y-direction. In this case, in equilibrium, one obtains a
homogeneous state (say lx = 1). By decreasing the field
to H < Hc, a domain structure will appear with energet-
ically preferable walls, with the minus sign in Eq. (16)
[11]. Then, the field dependence of the period is given by
d−(h) =
d0√
1− h4
(√
1− h4 − 2h2 arcsin
√
1− h2
2
)1/2
,
see the lower curve in Fig. 4. This behavior will be
reversible in the magnetic field. If then, after turning off
the field, one applies a field in x-direction, the domain
walls will become unfavorable, and with increasing field
the period will increase in accordance with
d+(h) =
d0√
1− h4
(√
1− h4 + 2h2 arcsin
√
1 + h2
2
)1/2
,
see the upper curve in Fig. 4. But, if one stops the
increase of the field at some value H < Hc, and starts to
decrease it, the period will decrease more rapidly than the
4upper curve, because it is favorable to produce new walls
with the minimal energy. Note, that if magnetoelastic
effects are comparable with the anisotropy, Eq. (1), all
obtained results for the behavior in the magnetic field
remain valid. One merely should renormalize the value
of Hc, and δ.
The behavior of the domain structure will be much
more complicated if one applies a field with some arbi-
trary orientation. Then the nearest-neighbor domains
should have different widths. Let us calculate the con-
centrations of different domains, c+ and c− (c++c− = 1),
in the limit of small magnetic fields, Hx, Hy << Hc and,
as before, assuming magnetoelastic effects to be small
compared to the anisotropy. In this approximation we
can neglect the small rotation of the domain structure,
which inevitably arises in the general case, and also set
l2x = l
2
y ≈ 1/2. Since the average strain is zero, we have
uyy = 0 and u
+
xic
++u−xic
− = 0 (i = x, y). At the domain
wall we have boundary conditions of mechanical equilib-
rium, σ+xi = σ
−
xi = σxi and phase equilibrium [12]
F+−σxxu+xx−2σxyu+xy = F−−σxxu−xx−2σxyu−xy, (17)
where F = Fme + Fel + FH ; σxx = ∂F/∂uxx and
σxy =
1
2
∂F/∂uxy are the components of the stress tensor.
Solving this system of equations, we find the concentra-
tions of the different domains:
c± =
1
2
(
1± HxHy
H2me
)
, H2me =
γ21
4µ1(χ⊥ − χ‖)
<< H2c .
(18)
The domain period cannot be found analytically at arbi-
trary field orientations. In this case there are no symme-
try arguments forcing the domain walls, near the sample-
substrate boundary (at distances of the order of the pe-
riod), to be flat and oriented along the z-axis. The do-
main walls should be inclined and curved in this case.
Let us estimate the parameters of the theory. The
anisotropy energy parameter is β ∼ α4Ua−3, where
α ∼ 10−2 is the fine structure constant, U ∼ 104K is
the atomic energy, and a ∼ 10−8cm is the atomic size.
The constant g ∼ J/a, where J ∼ 102K is the exchange
energy. Then, for the domain wall width we find δ ∼
(g/β)1/2 ∼ aα−2
√
J/U ∼ 10−5cm. The shear modulus
of a typical material is µ ∼ Ua−3, and the magnetoelas-
tic coupling constant γ ∼ α2Ua−3. Finally, for a crystal
with thickness L ∼ 0.5mm we obtain a reasonable esti-
mation of the period d ∼
√
δL to be of the order of a few
microns.
Note, that for easy plane antiferromagnets with hexag-
onal crystal symmetry, anisotropy effects in the plane are
small (∼ α6) compared to magnetoelastic effects Eq. (2)
(γ1 = 4γ2). If we neglect this anisotropy the orientation
of the domain structure will be arbitrary in the absence
of a magnetic field. The antiferromagnetic vector will
be oriented at an angle ±pi/4 to the domain walls. In
the presence of the magnetic field the domain structure
will presumably be oriented perpendicular to the field
[11]. The critical field is Hc ∼ γ/
√
µ(χ⊥ − χ‖) in this
case. The domain concentration remains 1/2, and the
dependence of the period on the magnetic field will be
described by the value of d(h) obtained in the tetragonal
case.
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